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CJ ! Resume 

I I On demontre un theoreine d'energie gravitationnelle positive en dimen- 

{3jq| sion quelconque utilisant seulement des spineurs lies au groupe Spin{n) sur 

une section d'espace Riemannienne {M^,g) 
Abstract 
We present a streamlined, complete proof, valid in arbitrary space dimen- 



00 '. sion n, and using only spinors on the oriented Riemannian space (M"; g), of 

^ I the positive energy theorem in General Relativity. 

Version frangaise abregee. 
Q ■ Un espacetemps Einsteinien est une variete Lorentzienne (M^+^jg) qui 

satisfait les equations d'Einstein 

c3 \ on supposera qu'il satisfait la condition d'energie dominante, UqT"^ temporel 

pour tout vecteur temporel u. Sur chaque section spatiale M*^ la metrique 
induite g et la courbure extrinsique K satisfont les contraintes qui s'ecrivent 
dans un repere orthonorme d'axes Cj tangents et cq orthogonal a M" 

Ro, = d,Kl - DuK^, = To, (0.1) 

Soo = ^{R -\K\^ + {trKf} = Too. (0.2) 

On suppose que M" est I'union d'un compact W et d'un nombre fini A'^ 
d'ensembles Qj, appeles bouts (ends), diffeomorphes au complement d'une 
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boule de i?". On utilise une partition lisse //, fx de I'unite sur M" de sup- 
ports contenus dans un Qj ou un ouvert Wk diffeomorphe a une boule de 
R"-, I'union (finie) des Wk recouvrant W. Tous ces ouverts sont munis de co- 
ordonnees locales x* et de la metrique Euclidienne e = rjijdx'^dx^ . Un tenseur 
u sur M" est une somme de tenseurs uj = fju, uk = fxu. On utilise la 
metrique euclidienne pour definir les normes de ces tenseurs. Un espace de 
Banacli Cg ou de Hilbert Hs^s d'un tenseur u sur M" est defini a I'aide du sup 
ou de la somme des normes des tenseurs ui et uk, des clioix differents de par- 
tition de I'unite donnent des normes equivalentes. La variete Riemannienne 
{M'^,g) est dite asymptotiquement Euclidienne (A.E) si 

h:=g-g_eHs,snCl_2, s>- + l, - - 2 >(5 > --, (0.3) 

oil g est une metrique lisse identique dans chaque Qj a la metrique Euclidi- 
enne e. 

La definition de masses gravitationelles rrii et de moments pi, dits ADM, 
d'un espace-temps with A.E. section {M'^^g) and K G i^s-i,5+i provient de 
la formulation Hamiltonienne des equations d'Einstein, on a dans Vlj 



iTLi :- 



lim - [ (^ - ^)n,^e, r = {Yix^fV^, (0.4) 



p) := lim / P^'uifie, P"" ■■= K'^ - g'hiK. (0.5) 



"^ '— lim T:>ih^ .. T->ih ._ r^ih „ih_^ 

r— >oo 

On reprend I'idee spinorielle de Witten pour demontrer, mais en utilisant 
seulement un spineur sur M" lie a I'algebre de Clifford Cl{n), la positivite de 
la masse d'un espace temps Einsteinien quand R> 0, done sous la condition 
denergie dominante, quand M" est une hypersurface maximale . Une for- 
mulation simple liee au moment P, qui ne fait intervenir que la meme sorte 
de spineurs sur M", permet de montrer que m/ > \pi\ done m > \p\ sans 
condition sur R ni autre hypothese sur les sources. Les demonstrations re- 
posent sur un theoreme d'existence pour la solution d'une equation de Dirac 
completee, elliptique, sur une variete asymptotiquement Euclidienne. 
English version 



1 Introduction 

The most elegant and convincing proof of the positive energy theorem is by 
using spinors, as did Witteio in the case n = 3 inspired by heuristic works of 
Deser and Grisaru originating from supergravity. The aim of this Note is to 
present a streamhned, complete proof, valid in arbitrary space dimension n, 
and using only spinors on the oriented Riemannian space (M'^^g), without 
invoking spacetime spinors. 

We first give the notations and the definitions we use. 

2 Definitions. 

2.1 Asymptotically Euclidean space. 

M" is a smooth manifold union of a compact set W and a finite number 
of sets Qj, diffeomorphic to the complement of a ball in i?". One covers W 
by a finite number of open sets Wk each diffeomorphic to a ball in i?". We 
denote by x* local coordinates for a domain Qj or Wk- We set r := X](^*)^}^ 
and take tq > such that Qi := {r > tq}, Qi fl Wk =/0 if r < 2ro. We 
consider a preparation of M", i.e a smooth partition of unity, fi, fK, Ik with 
support in Wk-, fi support in Qj and fj = 1 for r > 2rQ. The Riemannian 
metric g is continuous and uniformly bounded above and below in each f2/, 
Wk by constant positive definite quadratic forms. A tensor field u on M" 
is written as u = ^jUi + 'YIk'^k with ui := //«, Uk '-= /kU- Norms on 
spaces of tensor fields are defined through their components in the flj, Wk, 
each endowed with the Euclidean metric e := rjijdx^dx^ = ^((ix*)^, with 
pointwise norm |.| and volume element /ig- We use the Banach and Hilbert 
spaces C^ and H^^s with norms 

\\^\H ^ sup{sup(r^-^1i2V|),sup|ZZV|}, D' -= J\ - (2.1) 

I=l,...N^^i 0<k<s K=l,...N'-^^!< 0<k<s 

(2.2) 



"'^For references prior to 1983 one can consult my survey on positive energy theorems 
for les Houches 1983 school reproduced in Y.Choquet-Bruhat 'General Relativity and the 
Einstein equations", Oxford University press 2009. 



Different preparations of M" give equivalent norms. A Riemannian man- 
ifold {M^,g) is called asymptotically Euclidean (A.E) if 

hj:= fi{g-e)eHs,5r]Cl_^, hg e H^, s>- + l, --2>6> --. 

(2.3) 
It can be proved (using the fact that Hs^s is an algebra ifs>|,5>— ^) 
that an A.E [M^-^g) admits in each end Vlj an orthonormal coframe 

e^:=a^d^ 0^=61 + ]^, XI e H,,s n Cl_,. (2.4) 

In the following, components in the coordinates x* are underlined. In Qj it 
holds that 

h 
M=^(^' + ^$) + lE^'^'' AjAf e i/.,2.+t n C2V4- (2.5) 
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The rotation coefficients c^- of the coframe 9^ are, with (6^) the matrix inverse 
of (a*) and di the Pfaff derivative with respect to 6**, d9^ = \c^j9^ A 9^ , 

dl,^h)dX,-h%X^^]^{dX^-d,\^,) + x1,. X?, e ^.-i,2m+i (2.6) 

We choose the coframe such that 

a,(A^' - A}) G //.-i,25+i+5 

The components Uijh = \{.^'^\h + ^it- — c]/j) of the Riemannian connection uj 
in the coframe 9^ are then computed to be 

_ 1 1 

^i,hj = -^djljj - -djhih + Ci^hj, Ci,hj £ ^s-l,2<5+l+f • (2.7) 

2.2 Global mass m and linear momentum p 

We say that {M'^g.K) is A.E. if (M",^) is A.E. and X G //s-i,5+i n C°_i. 
The mass m and linear momentum p associated to an end Vt define a space- 
time vector E with components 

E^ := m := lim - / {d.hij-dJijAniHq, E'^ := p'^ := lim / P'^niHg. 

r— J-oo 2 J Q"-''- — — r—-co J ^n-i 

(2.8) 



The uniform bound of rii and the equivalence of jig with r"~ /i^n-i show that 
the hmits exist. 

We always assume that the constraints 0.1 and 0.2 are satisfied on M" 
and that T obeys the dominant energy condition. 



3 Spinor fields and Dirac operator. 

The gamma matrices associated with an orthonormal coframe 9^ of g at 
X G M" are linear endomorphisms of a complex vector space 5" of dimension 
p ;= 2'"/^] which satisfy the identities 

lilj + Ijli = '^nijlp^ hj = 1, ■■■n, Ip identity matrix (3.1) 

The 7j are chosen hermitian, i.e. 7j = 7i , as is possible for an 0{n) group. 

The spinor group Spin{n), double covering of SO{n), can be realized by 
the group of invertible linear maps A of S* which satisfy, with O := (Of) a 
n X n orthogonal matrix 

AYA-i = 0;V and detA = l. (3.2) 

In a subset Qj or Wk with a given field po of orthonormal frames a 
spinor field ijj is represented by a mapping (x*) i— )■ -0(0;*) G S. Under an 
O G SO{n) change of frame, p = Opo the spinor i/j becomes represented by 
Ip' = Alp where some choice has been made for the correspondence between 
A and O. This can be made consistently on M" if it admits a spin structure; 
that is, a homomorphism of a Spin{n) principal bundle Pspin„ onto the 
principal bundle of oriented orthonormal frames. It is a topological property 
of M", the vanishing of its second Stiefel- Whitney class, always true for an 
orientable M^. A spinor field on M" is then a section of a vector bundle 
^^Spinin) associated with Pspin{n), with base M" and typical fiber S. To a 
space of spinors corresponds a space of cospinors, replacing S by the adjoint 
(complex dual) vector space S and the change of representation by (p' = (pA~^. 

Using dual frames e^ of S and 6^ of S we have ip = ip^CA, 4> = d^(pA, 
A = 1, ...p, we denote the duality relation by 

(pip = ((p, Ip) := (pjitp , a frame independent scalar. 

By 3.2 Ip represented by ipA '■= (i^^)* is a cospinor if ^ is a spinor, j-^p = ipip 
is positive definite. 



A spin connection a on {M^,g) is deduced from an 0{n) connection u 
by the isomorphism between the Lie algebras of 0{n) and Spin{n) obtained 
by differentiation of 3.2, it is represented in each domain of the preparation 

by 

(^i = jl^l''^i,hk^ i = 1, ■■■n. (3.3) 

The covariant derivative of a spinor -0, resp. cospinor (j), is a covariant 
vector spinor, resp. cospinor, with components in the frames 9^ ® e^, resp. 

9' (g) 9^, 

{D,ij)^ = d,ip^ + (a,^)^ {D4)a = 84 A - {(t><y^)A. 

The hermiticity of 7j and 3.1 show that di = —ffi, hence Diip = Diip. 

The Riemannian connection together with the spin connection define 
a first order derivation operator mapping tensor-spinor-cospinor fields into 
tensor- spinor- cospinor fields with one more covariant index. The gamma 
matrices are the components of a vector- spinor- cospinor which has covariant 
derivative zero. 

The spin curvature p is a 2-tensor- spinor -cospinor, image by the mapping 
of Lie algebras of the curvature tensor of g. The Ricci identity for spinors 
reads 

DiDji/j - DjDiip = piji} with pij := -Rij^hkl^^i^ . (3.4) 

The Dirac operator on sections of the vector bundle \l/(n) reads locally 

P^ = fA^ = y(5*^ + ^Wi,^fc7V^), hence P^^ = A^f • (3-5) 

The algebraic Bianchi identity together with 3.1 and 3.4 lead to the formulao 

PV = v''D,Djij + ^-fyp^JiJ = v''D,Dj^j - ^Ri/j. (3.6) 

The Dirac operator is a first order linear operator with principal symbol 
{rf^iiij)^, hence elliptic. Weighted Sobolev spaces for spinor fields on a 
prepared M" are defined as for tensor fields after setting -0 = ^(//'!/' + /k'0) 
and using representations ■0. A known theoreno gives: 



^See for instance A. Lichnerowicz Bull. Soc. Math. France 92, 1964 p. 11-100 
■^Y. Choquet-Bruhat and D. Christodoulou, Acta Mathematica 146, 1981.. 



Theorem 1 On an A.E. {M^,g) the Dirac operator is a Fredholm operator 
from spinors in H^s to spinors in Hg-i^s+i, it is an isomorphism if injective. 
The same is true of Vi/j + fi/j if f is a bounded linear map from spinors in 
Hg^s to spinors in ifs-i,<5+i- 

4 Gravitational mass. 

We prove for arbitrary n > 2 the fundamental fact used by Witten for ra = 3. 
Theorem 2 Let (M", g) be A.E. The mass m of an end Qj is equal to 

f Tfl ~ ■ ■ 

lim / W>,/ig = -, W^=7^e{V^o(r?^^-7Y)^,^o}, (4.1) 

with S'l!^^ the submanifold of the end Qj with equation {YH^^Y}^ — ^^ ^i '^ts 
unit normal, fig the volume element induced by g and ipo a spinor constant 
mnj (i.e. |§ = 0) and\tPo\ = l- 

Proof. We first remark that, using 7* = 7* and di = —cXi, one finds 

TZe{tpov'^ (^M = ^i'oV'^if^j + ^j)i^o = 0. 
The definition 3.3 of aj then implies 

j,h,k 

The property 2.7 of w on A.E (M", g) shows that r'^~^{uj^hk—\d_hhjk+\djjijh) 
tends uniformly to zero as r tends to infinity. The uniform bound of rij 
and the equivalence of u^ with r"'~^//c.n-i show that the limit in 4.1 exists. 
Calculafoufl usiug 3.1, 2 7 and the symmetry of 9,^ in h and , lead to 

lim / UQUifi-g = - lim / Uj^ij\^Q\^nifi-g = -m if \iPq\^ = 1. 

r— >-OOj(jn-l ^ r— s>oo J c.n-1 / 



** Similar to those done by P. Chrusciel in his Krakow lectures on Energy in General 
Relativity. 



To study the positivity of the mass one defines a vector W* on M" such 
that the integrals on S^~^ of W and Uq have the same hmit when r — ?> oo. 
The Stokes formula applied to the integral of the of divergence of W will give 
information on this limit. We set 

U' := TZe{^{r]'Wji) - Y-fWjiP)}. (4.2) 

Lemma 3 On an A.E manifold [M^-^g) it holds that 
1. 

DiW > if R>0 and V^ = 0. 

2. If tl) = i/jq + ipi with dj^fjo = in Qj and ipi G Hgs then in Vti 

lim / U^Uifig = hm / Wnijjg. (4.3) 

Proof. 1. By elementary computation, using Diip = Diip and the identity 
3.6 one finds 

D^W^\D^P\'-\V^\' + ^R\^|J\' (4.4) 

Therefore DiW > if i? > and ip satisfies the equation Vi/j = 0. 

2. To study the limit of the integral on S^~^ of W when ■?/' = -00 + "01 we 
write 

W=Ui^ + ^UeiMj^ Y]D,ilJi) + ^l[7^ Y]D,^P)}. (4.5) 

Hence DiW = DiU^ + DiV\ 

V = ^ne{Mi',Y]DjA + M7^f]Dm (4.6) 

Embedding and multiplication properties of Sobolev spaces give 

n n 
/3< 25 + ! + - + -< 2n- 3. 

To estimate the other term one remarks that 

DSob',Y]D,^P^} ^ D,D,{Ml\Y]i^i} - d,{d,Mj\Y]A} (4.7) 



the first parenthesis is an antisymmetric 2-tensor hence its double divergence 
DiDj is identically zero. The second parenthesis is 

The Stokes formula implies, with M^ := M" - {Qj fl Y^i^'^ > ^^} 

/ AW>, = / U%f^-g = I H + V)nifi-g. (4.8) 

The fall off properties found for V* complete the proof. ■ 

Lemma 4 // (M"',g) is A.E. R> and -00 is a smooth spinor constant in 
Qj and zero in the other ends there exists on M^ a spinor tp = i/jq + i/ji, such 
that ViJj = Q, ?/;i e Hs,&. 

Proof. The hypotheses made on ■0o show that 'DiIjq G Hg-i^s+i- Theorem 
1 implies the existence oi ipi. ■ 

The lemmas imply that m > if i? > 0, that is if {M"',g) is a max- 
imal submanifold of (M""*" ,g); equivalently, if the pointwise gravitational 
momentum P on M^ has a wanishing trace. We will now lift this restriction, 
proving moreover that m > \p\. 

5 Positive energy. 

We define a real vector V on an A.E. (M", g, K) b}|j 

If ■00 is as before a smooth spinor constant in one end of M" and zero in the 
other ends and ■0 is a spinor on M" such that ■i/' — ■0o ^ C*^, /3 > 0, then 

lim / V'ui^ig = -^o7h/^o, / := lim / P'^Ui^i-g. (5.1) 

It is elementary to check using the properties of the 7's that 7hp'* is an 
hermitian matrix with eigenvalues ±|jo|. If we choose for ipQ an eigenvector 
of the eigenvalue —\p\ we then have 

^o7/./^o = -|V'o|' \p\- (5.2) 

^Remark that we do not to introduce a matrix 70 
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To estimate the limit 5.1. we use again the Stokes formula, with 

D{P' = ^DSlhP"''^) = ^DSlhi^)P''' + \hhil^DiP'\ (5.3) 

The momentum constraint 0.2 gives 

On the other hand, the identity 4.4 together with the Hamiltonian constraint 
implies that 

DM' ^ |D^p - \Vi,\' + (Itoo + \\K\'- ^Itr^ni^l^ (5.4) 

We introduce the notationqj 

V,V^ := A^ + \l''K,h^. Pi^ := f V, = {V + UiK)^. (5.5) 

Elementary computation using Diff^^ = 0, D.i'^^ = gives 

\Vij\' := v'^^'^ji^ = \Di^\' + ^DSlhi^)K"' + \\K\^m' (5.6) 

The identity 5.4 can therefore be written after simplification 

D,W ^ iV^r - W\' + i^Too - \\tTKfM' - ]^dSih^W'')- (5.7) 
We deduce from the definition 

I ^^|2 = |P^|2 + iA(V'7>)triC + i|trK| Vr 
which gives 

DdA' = \ViP\^ - I ;e^|2 + \t^M? - \B^{h''^)Pih. (5.8) 

Lemma 5 If {M'^,g, K) is A.E. then it holds that 

Di{W + V')>0 (5.9) 

if the dominant energy condition holds and if) satisfies the equation ^ip = 0. 



^Notc that /V is a linear operator mapping space spinor into space spinors, not the 
trace on M" of the covariant derivative of a spacetime spinor. 
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Proof. The identities 5.3 and 5.8 lead to 

D,{W + V') ^ |V^P - I Pi,\^ + r, r := ^(ToolV'P - ^tVTo;,). (5.10) 
with T > under the dominant energy condition, because 

with T > under the dominant energy condition, because 



Lemma 6 If{M'^,g,K) is A.E., then the equation /7i/j = has a solution 
i/j = i(jq + ipi, i/jq smooth, constant in fij and zero in the other ends, and 

Proof. The operator /7 has the same principal part as P, therefore is also 
elliptic. It maps Hs^s into Hg-i^s+i- The equation /V'i/'i = — /V'0o £ -f^s-i,<5+_L 
has one and only one solution if ^ is injective on H^s- To show injectivitju 
we remark that the identity 5.10 was established without restriction on i/j, 
starting from the definitions of W and P\ We make i/j = ipi in 5.10 and 
integrate it on M", the fall off of ipi implies that the divergence gives no 
contribution, the equation | /V^/'ip = implies therefore that on M", if T 
>0 

|VV^i|2 = 0, i.e. Diij, + -j''K,hi^i = 0, with -i'^KiheHs-iMi 

The Poincare inequalitjo in weighted Hilbert spaces leads to '(/'i = if 
^1 G //,,5, s > f + 1 and -2 + f > ^^ > -f . ■ 

The lemmas, after choice of ■00 satisfying 5.2, prove the following theorem 

Theorem 7 // an Einsteinian spacetime satisfies the dominant energy con- 
dition, the energy momentum vector E^ = m, E^ = p* of each end of an A.E. 
slice (M"',g,K) satisfies the inequality 

m > \p\ 



^See a simlar proof in Chrusciel Krakow lecture notes. 

®See for instance Y. Choquet-Bruhat "General Relativity and the Einstein equations" 
appendix Ssobolev spaces" p. 541 
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